We give a short proof for Chen's Alternative Kneser Coloring Lemma. This leads to a short proof for Johnson-Holroyd-Stahl's conjecture that Kneser graphs have their circular chromatic numbers equal to their chromatic numbers.
bigger than 2k, then χ c (SG(n, k)) ̸ = χ(SG(n, k)). So it seemed not of much hope to apply these methods to completely prove Johnson-Holroyd-Stahl's conjecture.
However, recently Chen [1] completely proved Johnson-Holroyd-Stahl's conjecture by using Fan's Lemma in an innovative way. A key step in Chen's proof is to prove the Alternative Kneser Coloring Lemma. Assume K q,q is a complete bipartite graph with partite sets X = {x 1 , x 2 , . . . , x q } and Y = {y 1 , y 2 , . . . , y q }. Denote by K * q,q the graph obtained from K q,q by deleting the edges of a perfect matching, say by deleting the edges x i y i (i = 1, 2, . . . , q). Assume K * q,q is a subgraph G and c is a q-coloring of G. We say K * q,q is colorful with respect to c of if c(x i ) = c(y i ). Observe that if K * q,q is colorful with respect to a q-coloring c, then c(x i ) ̸ = c(x j ) for i ̸ = j, and hence we may assume that c(x i ) = c(y i ) = i for i = 1, 2, . . . , q.
Lemma 1 (Alternative Kneser Coloring Lemma [1]) Any proper
Note that Lovász's result is equivalent to say that for every (n−2k+2)-coloring of KG(n, k), each color class is non-empty. Chen's Alternative Kneser Coloring Lemma reveals a more delicate structure of (n−2k+2)-colorings for KG(n, k). Besides its application to the determination of the circular chromatic number of Kneser graphs, the lemma is interesting by itself.
Chen's proof of Lemma 1 is rather complicated. In this article, we give a shorter proof for this result. Before presenting it, for completeness, we show how Lemma 1 is used to settle the Johnson-Holroyd-Stahl's conjecture.
Lemma 2 If G is q-colorable and every q-coloring of G contains a colorful copy of K
. . , n − 1, where the indices of the vertices are modulo n. It is known [8] that χ c (G) = q if and only if G is q-colorable and every q-coloring of G has a tight cycle. The assumption of Lemma 2 implies that every q-coloring c of G has a tight cycle. Assume a colorful copy of K * q,q with respect to c has partite sets X = {x 1 , x 2 , . . . , x q } and
Johnson-Holroyd-Stahl's conjecture is an immediate consequence of Lemmas 1 and 2.
Proof of Alternative Kneser Coloring Lemma
We use Fan's Lemma to prove Chen's Alternative Kneser Coloring Lemma. Let n be a positive integer and let 
We denote such a vector by a signed set X, which is a pair X = ( To apply Fan's Lemma, we shall associate to each proper (n − 2k + 2)-coloring of KG(n, k) with a labeling for the vertices of ∂(sd([−1, 1] n )). Chen's proof of the Alternative Kneser Coloring Lemma also uses this approach. The difference between the two proofs is the labelings associated to the colorings of KG(n, k). Chen's labeling is the composition of two functions, including a rather complicated one, while the labeling we use is direct and simple.
Assume c is a proper (n − 2k + 2)-coloring of KG(n, k), using colors from the set {2k − 1, 2k, . . . , n}. 
It is obvious that λ is antipodal and it is easy to verify that there is no complementary edge. By Fan's Lemma, there are an odd number of positive alternating (n − 1)-simplices. Assume X 1 < X 2 < . . . < X n is a positive alternating (n − 1)-simplex with respect to λ. 
Then λ ′ is antipodal without complementary edges. By Fan's Lemma, there are an odd number of positive alternating (n − 1)-simplices with respect to λ ′ . Since α(X, λ ′ ) = α(X, λ) for X ∈ Γ \ {Z, −Z}, we conclude that 
